In many situations, the notion of function is not sufficient and it needs to be extended. A classical way to do this is to introduce the notion of weak solution; another approach is to use generalized functions. Ultrafunctions are a particular class of generalized functions that has been previously introduced and used to define generalized solutions of stationary problems in [4, 7, 9, 11, 12] . In this paper we generalize this notion in order to study also evolution problems. In particular, we introduce the notion of Generalized Ultrafunction Solution (GUS) for a large family of PDE's, and we confront it with classical strong and weak solutions.
Introduction
In order to solve many problems of mathematical physics, the notion of function is not sufficient and it is necessary to extend it. Among people working in partial differential equations, the theory of distributions of Schwartz and the notion of weak solution are the main tools to be used when equations do not have classical solutions. Usually, these equations do not have classical solutions since they develop singularities. The notion of weak solution allows to obtain existence results, but uniqueness may be lost; also, these solutions might violate the conservation laws. As an example let us consider the Burgers' equation:
A local classical solution u(t, x) is unique and, if it has compact support, it preserves the momentum P =´u dx and the energy E = 1 2´u
2 dx as well as other quantites. However, at some time a singularity appears and the solution can be no longer described by a smooth function. The notion of weak solution is necessary, but the problem of uniqueness becomes a central issue. Moreover, in general, E is not preserved.
An approach that can be used to try to overcome these difficulties is the use of generalized functions (see e.g. [15, 16, 25] , where such an approach is developed using ideas in common with Colombeau theory). In this paper we use a similar approach by means of non-Archimedean analysis, and we introduce the notion of ultrafunction solution for a large family of PDE's using some of the tools of Nonstandard Analysis (NSA). Ultrafunctions are a family of generalized functions defined on the field of hyperreals, which are a well known extension of the reals. They have been introduced in [4] , and also studied in [7, 8, 10, 11, 12, 13] . The non-Archimedean setting in which we will work (which is a reformulation, in a topological language, of the ultrapower approach to NSA of Keisler) is introduced in Section 2. In Section 3 we introduce the spaces of ultrafunctions, and we show their relationships with distributions. In Section 4 we introduce the notion of generalized ultrafunction solutions (GUS).
We prove an existence and uniqueness theorem for these generalized solutions, and we confront them with strong and weak solutions of evolution problems. In particular, we show the existence of a GUS even in the presence of blow ups (as e.g. in the case of the nonlinear Schroedinger equation), and we show the uniqueness of GUS for the nonlinear wave equation. Finally, in Section 5 we study in detail Burgers' equation and, in a sense precised in Section 5. 4 , we show that in this case the unique GUS of this equation provides a description of the phenomenon at microscopic level.
Notations
Let Ω be a subset of R N : then
• C (Ω) denotes the set of continuous functions defined on Ω ⊂ R N ;
• C c (Ω) denotes the set of continuous functions in C (Ω) having compact support in Ω;
• C 0 Ω denotes the set of continuous functions in C (Ω) which vanish on ∂Ω;
• C k (Ω) denotes the set of functions defined on Ω ⊂ R N which have continuous derivatives up to the order k;
• C k c (Ω) denotes the set of functions in C k (Ω) having compact support;
• D (Ω) denotes the set of the infinitely differentiable functions with compact support defined on Ω ⊂ R N ; D ′ (Ω) denotes the topological dual of D (Ω),
namely the set of distributions on Ω;
• for any set X, P f in (X) denotes the set of finite subsets of X;
• if W is a generic function space, its topological dual will be denated by W ′ and the paring by ·, · W , or simply by ·, · .
Λ-theory

Non-Archimedean Fields
In this section we recall the basic definitions and facts regarding non-Archimedean fields, following an approach that has been introduced in [13] (see also [4, 6, 7, 8, 9, 10, 11, 12] ). In the following, K will denote an ordered field. We recall that such a field contains (a copy of) the rational numbers. Its elements will be called numbers.
Definition 1.
Let K be an infinite ordered field. Let ξ ∈ K. We say that:
• ξ is infinitesimal if, for all positive n ∈ N, |ξ| < 1 n ;
• ξ is finite if there exists n ∈ N such that |ξ| < n;
• ξ is infinite if, for all n ∈ N, |ξ| > n (equivalently, if ξ is not finite).
An ordered field K is called non-Archimedean if it contains an infinitesimal ξ = 0.
It's easily seen that all infinitesimal are finite, that the inverse of an infinite number is a nonzero infinitesimal number, and that the inverse of a nonzero infinitesimal number is infinite.
Definition 2. A superreal field is an ordered field K that properly extends R.
It is easy to show, due to the completeness of R, that there are nonzero infinitesimal numbers and infinite numbers in any superreal field. Infinitesimal numbers can be used to formalize a notion of "closeness": Definition 3. We say that two numbers ξ, ζ ∈ K are infinitely close if ξ − ζ is infinitesimal. In this case we write ξ ∼ ζ.
Clearly, the relation "∼" of infinite closeness is an equivalence relation.
Theorem 4.
If K is a superreal field, every finite number ξ ∈ K is infinitely close to a unique real number r ∼ ξ, called the shadow or the standard part of ξ.
Given a finite number ξ, we denote its shadow as sh(ξ).
The Λ−limit
In this section we introduce a particular non-Archimedean field by means of Λ−theory 1 , in particular by means of the notion of Λ−limit (for complete proofs and for further informations the reader is referred to [2] , [4] , [7] and [13] ). To recall the basics of Λ−theory we have to recall the notion of superstructure on a set (see also [22] ):
Definition 5. Let E be an infinite set. The superstructure on E is the set
where the sets V n (E) are defined by induction by setting
and, for every n ∈ N,
Here P (E) denotes the power set of E. Identifying the couples with the Kuratowski pairs and the functions and the relations with their graphs, it follows that V ∞ (E) contains almost every usual mathematical object that can be constructed starting with E; in particular, V ∞ (R), which is the superstructure that we will consider in the following, contains almost every usual mathematical object of analysis.
Throughout this paper we let
and we order L via inclusion. Notice that (L, ⊆) is a directed set. We add to L a "point at infinity" Λ / ∈ L, and we define the following family of neighborhoods of Λ :
where U is a fine ultrafilter on L, namely a filter such that
• for every λ ∈ L the set I λ = {µ ∈ L | λ ⊆ µ} ∈ U.
1 Readers expert in nonstandard analysis will recognize that Λ-theory is equivalent to the superstructure constructions of Keisler (see [22] for a presentation of the original constructions of Keisler, and [13] for a comparison between these two approaches to nonstandard analysis).
In particular, we will refer to the elements of U as qualified sets and we will write Λ = Λ(U) when we want to highlight the choice of the ultrafilter. We are interested in considering real nets with indices in L, namely functions ϕ : L → R.
In particular, we are interested in Λ−limits of these nets, namely in
The following has been proved in [13] .
Theorem 6. There exists a non-Archimedean superreal field (K, +, ·, <) and an Hausdorff topology τ on the space
exists, it is in K and it is unique; moreover for every ξ ∈ K there is a net
3. ∀ c ∈ R we have that
Proof. For a complete proof of Theorem 6 we refer to [13] . The idea 2 is to set
it is not difficult to prove that I is a maximal ideal in F (L, R) , and hence
is a field. Now the claims of Theorem 6 follows by identifying every real number c ∈ R with the equivalence class of the constant net [c] I and by taking the topology τ generated by the basis of open sets
where
Now we want to define the Λ-limit of nets (λ, ϕ(λ)) λ∈L , where ϕ(λ) is any bounded net of mathematical objects in
We will define lim λ→Λ (λ, ϕ(λ)) by induction on n.
Definition 7. For n = 0, lim λ→Λ (λ, ϕ(λ)) exists by Thm. (6); so by induction we may assume that the limit is defined for n − 1 and we define it for the net (2.1)
as follows:
From now on, we set
Notice that it follows from Definition 7 that lim λ↑Λ ϕ(λ) is a well defined object in
Natural extension of sets and functions
In this section we want to show how to extend subsets and functions defined on R to subsets and functions defined on K.
Definition 8. Given a set E ⊆ R, we set
Thus E * is the set of all the limits of nets with values in E. Following the notation introduced in Def. 8, from now on we will denote K by R * . Similarly, it is possible to extend functions.
Definition 9. Given a function
we call natural extension of f the function
That Definition 9 is well posed has been proved in [13] . Let us observe that, in particular, f * (a) = f (a) for every a ∈ A (which is why f * is called the extension of f ).
Ultrafunctions
Definition of Ultrafunctions
We follow the construction of ultrafunctions that we introduced in [12] . Let N be a natural number, let Ω be a subset of R N and let V ⊂ F (Ω, R) be a function
Let us show two examples.
Then (V λ (Ω)) λ∈L is an approximating net for V (Ω).
Example 12.
Let
Definition 13. Let U be a fine ultrafilter on L, let Λ = Λ(U) and let (V λ (Ω)) λ∈L be an approximating net for V (Ω). We call space of ultrafunctions generated by (V λ (Ω)) the Λ-limit
In this case we will also say that the space V Λ (Ω) is based on the space V (Ω).
canonical space of ultrafunctions.
Using the above definition, if V (Ω), Ω ⊂ R N , is a real function space and
is an approximating net for V (Ω) then we can associate to V (Ω) the following three hyperreal functions spaces:
Clearly we have
So, given any vector space of functions V (Ω), the space of ultrafunctions generated by V (Ω) is a vector space of hyperfinite dimension that includes
σ , and the ultrafunctions are Λ-limits of functions in V λ (Ω). Hence the ultrafunctions are particular internal functions
with the following scalar product:
where´ * is the natural extension of the Lebesgue integral considered as a functionalˆ:
Therefore, the norm of an ultrafunction will be given by
Sometimes, when no ambiguity is possible, in order to make the notation simpler we will write´istead of´ * .
Remark 14. Notice that the natural extension f * of a function f is an ultrafunction if and only if f ∈ V (Ω).
Proof. Let f ∈ V (Ω) and let (V λ (Ω)) be an approximating net for V (Ω). Then, eventually, f ∈ V λ (Ω) and hence
, this entails the thesis.
Canonical extension of functions, functionals and operators
We have seen that given a function f ∈ V (Ω), its natural extension
In this section we investigate the possibility to
, this association can be done by means of a duality method.
The map
defined by P Λ T = T will be called the canonical projection.
The above definition makes sense, as T is a linear functional on V (Ω) * , and
with a subset of V ′ (Ω), and hence
If we take any function
* and hence f * is well defined by Def. 15. In order to simplify the notation we will simply write f. This discussion suggests the following definition:
f is called the canonical extension of f.
Remark 17. As we observed, for every f : R → R we have that
Let us observe that we need to assume that
we want f to be defined for every function f ∈ L 1 loc (Ω). Using a similar method, it is also possible to extend operators:
we can extend it to an operator
in the following way: given an ultrafunction u, A(u) is the unique ultrafunction
where P Λ is the canonical projection.
Sometimes, when no ambiguity is possible, in order to make the notation simpler we will write A(u) instead of A(u).
Example 19. The derivative of an ultrafunction is well defined provided that the weak derivative is defined from V (Ω) to his dual V ′ (Ω) :
For example you can take
Definition 18, we have that the ultrafunction derivative
of an ultrafunction u is defined by duality as the unique ultrafunction Du such that
Notice that, in order to simplify the notation, we have denoted the generalized derivative by D = ∂.
To construct the space of ultrafunctions that we need to study Burgers' Equation we will use the following theorem:
Theorem 20. Let n ∈ N, Ω ⊆ R n and let V (Ω) be a vector space of functions.
isomorphic copy of a canonical space of ultrafunctions on V (Ω).
Proof. First of all, we claim that there exist a hyperfinite set
To prove this claim we set, for every λ ∈ L,
Clearly, if H λ = ∅ for every λ ∈ L then the family {H λ } λ∈L has the finite intersection property (as
To prove that H λ = ∅ for every λ ∈ L, let λ ∈ L be given and let B be a fixed hyperfinite basis of W (Ω) with V (Ω) σ ⊆ B (whose existence can be easily deduced from the enlarging property of the extension, as
where λ 0 ∩ λ 1 = ∅ and λ 0 = λ ∩ V (Ω), and let H = B ∪ λ * 1 . It is immediate to notice that H ∈ H λ . Therefore this proves that the family {H λ } λ∈L has the finite intersection property, and so our claim can be derived as a consequence of the |L| + -enlarging property of the extension. From now on, we let H be an hyperfinite set with the properties of our claim, and we let B = H ∩ W (Ω).
moreover, our construction of H has been done to have that U is a fine ultrafilter.
and λ 0 ⊆ H by our construction of the set H.
where v B is the value of the hyperextension v
for every λ ∈ L, by transfer we have that
namely the image of Φ is included in W (Ω).
To conclude our proof, we have to show that Φ is an embedding (so that we can take Φ V Λ(U ) (Ω) as the isomorphic copy of a canonical space of ultrafunctions contained in W (Ω)). The linearity of Φ holds trivially; to prove that Φ is
Proof. Let u = lim λ↑Λ u λ , where u λ / ∈ V λ (Ω) for every λ ∈ L, and let, for every
, and hence W (Ω) ⊆ W Λ (Ω). As for the reverse inclusion,
and lim λ↑Λ u λ = u, we have that w ∈ W (Ω), and hence the thesis is proved.
Theorem 22.
There is a space of ultrafunctions U Λ (R) which satisfies the following assumptions:
Proof. We set
Let β ∈ N * \ N; we set
and we let V Λ (R) be a hyperfinite dimensional vector space that contains the 
5 To have this property we need the nonstandard extension to be a |P(R)| + -enlargment.
Henceforth condition (2) holds as
and so condition (4) holds.
Remark 23. Let U Λ (R) be the space of ultrafunctions given by Theorem 22.
We will use this property in Section 5 when talking about Burgers' equation.
Spaces of ultrafunctions involving time
Generic problems of evolution are usually formulated by equations of the following kind:
is a differential operator. By definition, a strong solution of equation (3.6) is a function
where I := [0, T ) is the interval of time and C k (I, B), k ∈ N, denotes the space of functions from I to a Banach space B which are k times differentiable with continuity.
In equation (3.6) , the independent variable is (t,
A disappointing fact is that a ultrafunction space based on V (I × Ω) is not a convenient space where to study this equation, since these ultrafunctions spaces are not homogeneous in time in the following sense: if for every t ∈ I * we set
This fact is disappointing since we would like to see u(t, ·) as a function defined on the same space for all the times t ∈ I * . For this reason we think that a convenient space to study equation (3.6) in the framework of ultrafunctions is
defined as follows:
The advantage in using C 1 (I * , V Λ (Ω)) rather than V Λ (I × Ω) relays in the fact that we want to consider our evolution problem as a dynamical system on V Λ (Ω), and the time as a continuous and homogeneous variable. In fact, at least in the models which we will consider, we have a better description of the phenomena in
Ultrafunctions and distributions
One of the most important properties of spaces of ultrafunctions is that they can be seen (in some sense that we will make precise later) as generalizations of the space of distributions (see also [10] , where we construct an algebra of ultrafunctions that extends the space of distributions). The proof of this result is the topic of this section.
Let E ⊂ R N be a set not necessarily open. In the applications in this paper
Definition 25. The space of generalized distribution on E is defined as follows:
The equivalence class of u in L 2 (E) * , with some abuse of notation, will be denoted by
Finally, we set
We now want to prove that the space
To do this we will need the following lemma.
Lemma 28. Let (a n ) n∈N be a sequence of real numbers and let l ∈ R. If lim n→+∞ a n = l then sh(lim λ↑Λ a |λ| ) = l.
Proof. Since lim n→+∞ a n = l, for every ε ∈ R >0 the set
In fact, let N ∈ N be such that |a m − l| < ε for every m ≥ N . Then for every λ 0 ∈ L such that |λ 0 | ≥ N we have that I ε ⊇ {λ ∈ L | λ 0 ⊆ λ} ∈ U, and this proves that I ε ∈ U. Therefore for every ε ∈ R >0 we have
and so sh(lim λ↑Λ a |λ| ) = l.
Theorem 29. There is a linear isomorphism
defined by the following formula:
Proof. Clearly the map Φ is well defined (namely
, it is linear and its range is in D ′ (E). It is also immediate to see that it is injective. The most delicate part is to show that it is surjective. To see this let T ∈ D ′ (E); we have to find an ultrafunction u T such that
Since L 2 (E) is dense in D ′ (E) with respect to the weak topology, there is a sequence ψ n ∈ L 2 (E) such that ψ n → T. We claim that
where we have set a n =´ψ n · ϕdx. Then by Lemma 28 we have 
Moreover, with some abuse of notation, we will write also that
, etc. By our construction, this is equivalent
An immediate consequence of Theorem 29 is the following:
Proposition 30. The space C 1 (I, V Λ (Ω)) B can be mapped into a space of distributions by setting, ∀u ∈ C
Finally, let us also notice that the proof of Theorem 29 can be modified to prove the following result:
Namely, the map
Proof. We can argue as in the proof of Thm 29, by substituting L 2 (E) with D(E). This is possible since D(E) is dense in L 2 (E) (and so, in particular,
, and the density property was the only condition needed to prove the surjectivity of the embedding.
In the following sections we want to study problems such as equation (3.6) in the context of ultrafunctions. To do so we will need to restrict to the following family of operators:
Definition 32. We say that an operator
For our purposes, the important property of weakly continuous operators is that if
is weakly continuous then it can be extended to an operator
by setting
In the following, with some abuse of notation we will
Remark 33. Definition 32 can be reformulated in the classical language as follows: A is weakly continuous if for every weakly convergent sequence u n in
Generalized Ultrafunction Solutions (GUS)
In this section we will show that an evolution equation such as equation (3.6) has Generalized Ultrafunction Solutions (GUS) under very general assumptions on A, and we will show the relationships of GUS with strong and weak solutions. However, before doing this, we think that it is helpful to give the feeling of the notion of GUS for stationary problems. This will be done in Section 4.1 providing a simple typical example. We refer to [4] , [7] and [9] for other examples.
Generalized Ultrafunction Solutions for stationary problems
A typical stationary problem in PDE can be formulated ad follows:
operator and f ∈ L 2 (Ω).
The "typical" formulation of this problem in the framework of ultrafunctions is the following one:
(Ω), the above problem can be formulated in the following equivalent "weak form":
Such an ultrafunction u will be called a GUS of Problem (4.2).
Usually, it is possible to find a classical solution for problems of the type (4.1) if there are a priory bounds, but the existence of a priori bounds is not sufficient to guarantee the existence of solutions in V (Ω). On the contrary, the existence of a priori bounds is sufficient to find a GUS in V Λ (Ω) (as we are going to show).
Following the general strategy to find a GUS for Problem (4.2), we start by solving the following approximate problems for every λ in a qualified set :
A priori bounds in each space V λ (Ω) are sufficient to guarantee the existence of solutions. The next step consists in taking the Λ-limit. Clearly, this strategy can be applied to a very large class of problems. Let us consider a typical example in details:
where · ♯ is any norm in V (Ω). Then the equation (4.2) has at least one solution
Proof. If we set
and if A λ : V λ → V λ is the operator defined by the following relation:
then it follows from the hypothesis (4.4) that deg(A λ , B λ , 0) = 1, where deg(·, ·, ·) denotes the topological degree (see e.g. [1] ). Hence, ∀λ ∈ L,
Taking the Λ-limit of the net (u λ ) we get a GUS u Λ ∈ V Λ (Ω) of equation (4.2).
Example 35. Let Ω be an open bounded set in R N and let
be continuous functions such that ∀ξ ∈ R N , ∀s ∈ R, ∀x ∈ Ω we have
where ν is a function (not necessarely negative) such that
We consider the following problem:
In the framework of ultrafunctions this problem becomes
If we set
it is not difficult to check that conditions (4.5) and (4.6) are sufficient to guarantee the assumptions of Thm. 34. Hence we have the existence of a ultrafunction solution of problem (4.7). Problem (4.7) covers well known situations such as the case in which A is a maximal monotone operator, but also very pathological cases. E.g., by taking a(∇u, u, x) = (|∇u|
we get the equation
it is easy to check that we have a priori bounds (but not the convergence) in W 1,p 0 (Ω). Therefore we have GUS, and it might be interesting to study the kind of regularity of these solutions.
Strong and weak solutions of evolution problems
As usual, let
be a differential operator. We are interested in the following Cauchy problem for t ∈ I := [0, T ): find u such that
It is well known that many problems of type (4.8) do not have strong solutions even if the initial data is smooth (for example Burgers' equation BE). This is the reason why the notion of weak solution becomes necessary. If A is a linear operator and
where A † is the adjoint of A. 
From the theory developed in Section 3.4, the notion of weak solution given by Definition 36 can be written in nonstandard terms as follows:
By the above equations, any strong solution is a weak solution, but the converse is not true. A very large class of problems (such as BE) which do not have strong solutions have weak solutions, or even only distributional solutions.
Unfortunately, there are problems which do not have even weak (or distributional) solutions, and worst than that there are problems (such as BE) which have more than one weak solution, namely the uniqueness of the Cauchy problem is violated, and hence the physical meaning of the problem is lost. This is why we think that it is worthwhile to investigate these kind of problems in the framework of generalized solutions in the world of ultrafunctions.
Generalized Ultrafunction Solutions and their first properties
In Section 4.1 we gave the definition of GUS for stationary problems. The definition of GUS for evolution problems is analogous:
Problem (4.9) can be rewritten as follows:
where P Λ is the orthogonal projection. The main Theorem of this section states that problem (4.8) locally has a GUS. As for the ordinary differential equations in finite dimensional spaces, this solution is defined for an interval of time which depends on the initial data.
Theorem 38. Let A| V λ (Ω) be locally Lischitz continuous ∀λ ∈ L; then there exists a number T Λ (u 0 ) ∈ (0, T ] R * such that problem (4.8) has a unique GUS
Proof. For every λ ∈ L let us consider the approximate problem
It is immediate to check that this problem is equivalent to the following one
where the "projection" P λ :
The Cauchy problem (4.11) is well posed since V λ (Ω) is a finite dimensional vector space and P λ • A is locally Lipschitz continuous on V λ . Then there exists a number T λ (u 0 ) ∈ (0, T ] R such that problem (4.11) has a unique solution in
[0, T λ (u 0 )) R . Taking the Λ-limit, we get the conclusion.
Definition 39. We will refer to a solution u Λ given as in Theorem 38 as to a local GUS.
Clearly the GUS is a global solution (namely a function defined for every
is equal to T . In concrete applications, the existence of a global solution usually is a consequence of the existence of a coercive integral of motion. In fact, we have the following corollary:
Corollary 40. Let the assumptions of Thm. 38 hold. Moreover, let us assume that there exists a function I :
(or, more in general, that I * (u(t)) is not increasing) and such that ∀λ ∈ L, I| V λ (Ω) is coercive (namely if u n ∈ V λ (Ω) and u n → ∞ then I (u n ) → ∞).
Then u(t) can be extended to the full interval [0, T ) .
Proof. By our assumptions, there is a qualified set Q such that ∀λ ∈ Q, if u λ (t)
since otherwise the inequality (4.13) would be violated. By (4.14) and the coercivity of I| V λ (Ω) we have that T λ (u 0 ) = T. Hence also u(t) is defined in the full interval [0, T ) .
GUS, weak and strong solutions
We now investigate the relations between GUS, weak solutions and strong solutions.
Theorem 41. Let u ∈ C 1 (I * , V Λ (Ω)) be a GUS of Problem (4.8), and let us assume that A is weakly continuous. Then
2. moreover, if
then w is a strong solution of Problem (4.8).
Proof.
(1) In order to simplify the notations, in this proof we will writeí nstead of´ * . Since u is a GUS, then for any
(we identify ϕ and ϕ * ) we have that
Integrating in t, we get
By the definition of [u] D , and as A is weakly continuous, we have that
Since all three terms in the left hand side of the above equation are real numbers, we have that their sum is a real number, and sô
from (1) we get that w is a weak solution of Problem (4.8). Moreover, w ∈ C
, and hence w is a strong solution. ∀ϕ ∈ D,ˆψϕ * dx = 0.
So the information contained in ψ cannot be contained in a distribution. Nevertheless this information might be physically relevant. In Section 5.4, we will see one example of this fact.
First example: the nonlinear Schroedinger equation
Let us consider the following nonlinear Schroedinger equation in R N :
where, for simplicity, we suppose that V (x) ∈ C 1 (R N ) is a smooth bounded potential. A suitable space for this problem is
In fact, if u ∈ V (R N ), then the energy
is well defined; moreover, if u ∈ V (R N ) we have that
so the problem is well-posed in the sense of ultrafunctions (see Def. 37). It is well known, (see e.g. [18] ) that if p < 2 + 4 N then the Cauchy problem (4.16) (with initial data in V (R N )) is well posed, and there exists a strong solution
On the contrary, if p ≥ 2 + 4 N , the solutions, for suitable initial data, blows up in a finite time. So in this case weak solutions do not exist. Nevertheless, we have GUS:
Theorem 42. The Cauchy problem relative to equation (4.16) with initial data u 0 ∈ V Λ (R N ) has a unique GUS u ∈ C 1 (I, V Λ (R N )); moreover, the energy (4.17) and the L 2 -norm are preserved along this solution.
Proof. Let us consider the functional
On every approximating space V λ (Ω) we have that
A similar direct computation can be used to prove that also the energy is constant on GUS. Moreover, it is easily seen that ∀λ ∈ L, I| V λ (Ω) is coercive. Since also the other hypotheses of Theorem 38 are verified, we can apply Corollary 40 to get the existence and uniqueness of the GUS.
Now it is interesting to know what these solutions look like, and if they have any reasonable meaning from the physical or the mathematical point of view. For example, when p < 2 + 4 N the dynamics given by equation (4.16), for suitale initial data, produces solitons (see e.g. [14] or [3] ); so we conjecture that in the case p ≥ 2 + 4 N solitons with infinitesimal radius will appear at the concentration points and that they will behave as pointwise particles which follow the Newtonian Dynamics.
Second example: the nonlinear wave equation
Let us consider the following Cauchy problem relative to a nonlinear wave equation in a bounded open set Ω ⊂ R N :
In order to formulate this problem in the form (4.8), we reduce it to a system of first order equations (Hamiltonian
then problem (4.18) reduces to a particular case of problem (4.8).
A suitable space for this problem is
If u ∈ V (Ω), the energy
is well defined. It is well known, (see e.g. [23] ) that problem (4.18) has a weak solution;
however, it is possible to prove the global uniqueness of such a solution only if
On the contrary, in the framework of ultrafunctions we have the following result:
Theorem 43. The Cauchy problem relative to equation (4.18) with initial data u 0 ∈ V Λ (Ω) has a unique solution u ∈ C 1 (I * , V Λ (Ω)); moreover, the energy (4.19) is preserved along this solution.
Proof. We have only to apply Theorem 38 and Corollary 40, where we set
5 The Burgers' equation
Preliminary remarks
In section 4.5 we have shown two examples which show that:
• equations which do not have weak solutions usually have a unique GUS;
• equations which have more than a weak solution have a unique GUS.
So ultrafunctions seem to be a good tool to study the phenomena modelled by • it is one of the (formally) simplest nonlinear PDE;
• it does not have a unique weak solution, but there is a physical criterium to determine the solution which has physical meaning (namely the entropy solution);
• many solutions can be written explicitly, and this helps to confront classical and ultrafunction solutions.
We recall that an other interesting approach to Burgers' equation by means of generalized functions (in the Colombeau sense) has been devoloped by Biagioni and Oberguggenberger in [16] .
Properties of the GUS of Burgers' equations
The first property of Burgers' equation (BE) that we prove is that its smooth solutions with compact support have infinitely many integrals of motion:
and let u(t, x) be a smooth solution of (BE) with compact support. Then
is a constant of motion of (BE) (provided that the integral converges).
Proof. The proof of this fact is known, we include it here only for the sake of completeness. Multiplying both sides of equation (BE) by G ′ (u), we get the
which gives
Since u has compact support, we have that −´∂ x H(u)dx = 0, and hence
Let us notice that Proposition 44 would hold also if we do not assume that u has a compact support, provided that it decays sufficiently fast. In the literature, any function G as in the above theorem is called entropy and H is called entropy flux (see e.g. [17, 19] ), since in some interpretation of this equation G corresponds (up to a sign) the the physical entropy. But this is not the only possible interpretation. If we interpret (BE) as a simplification of the Euler equation, the unknown u is the velocity; then, for G(u) = u and G(u) = 
Nevertheless, the momentum and the energy of the GUS of Burgers' equation are constants of motion as we will show in Theorem 46. This result holds if we work in C 1 (I * , U Λ (R)), where U Λ (R) is the space of ultrafunctions described in Th. 22.
With this choice of the space of ultrafunctions, a GUS of the Burgers' equation, by definition, is a solution of the following problem:
were u 0 ∈ U Λ (R) (mostly, we will consider the case where u 0 ∈ H 1 c (R) σ ). Let us recall that, by Definition 24, for every u ∈ C 1 (I * , U Λ (R)), we have ∂ t u(t, ·) ∈ U Λ (R).
We have the following result:
Theorem 45. For every initial data u 0 ∈ U Λ (R) the problem (5.3) has a GUS.
Proof. It is sufficient to apply Theorem 38 to obtain the local existence of a GUS u, and then Corollary 40 with
to deduce that the local GUS is, actually, global. In fact if we take v(t, x) = u(t, x) in the weak equation that defines Problem (5.3), we get
and hence Corollary 40 can be applied.
Theorem 46. Problem (5.3) has two constants of motion: the energy
and the momentum P =ˆu dx.
Proof. We already proved that the energy is constant in the proof of Th. 45. In order to prove that also P is constant take v = 1 ∈ U Λ (R) in equation (5.3).
Then we get
Let us notice that Theorems 45 and 46 hold even if u 0 is a very singular object, e.g. a delta-like ultrafunction.
Remark 47. Prop. 44 shows that the strong solutions of (BE) have infinitely many constants of motion; is this fact true for the GUS? Let us try to prove thatˆG
is constant following the same proof used in Thm. 45 and 46. We set
and we replace it in eq. (5.3), so that
and hence
where H(u) is defined by (5.1). Thus´G(u(t, x))dx is a constant of motion provided that preserves both the energy and the momentum.
GUS and weak solutions of BE
In this section we consider equation ( Proof. From Theorem 45 we know that the problem admits a GUS u, and from Thus the GUS of problem 5.3 is unique and it is associated with a weak solution of problem BE. It is well known (see e.g. [17] and references therein) that weak solutions of (BE) are not unique: hence, in a certain sense, the ultrafunctions give a way to choose a particular weak solution among the (usually infinite) weak solutions of problem BE.
However, among the weak solutions there is one that is of special interest, namely the entropy solution. The entropy solution is the only weak solution of (BE) satisfying particular conditions (the entropy conditions) along the curves of discontinuity of the solution (see e.g. [20] , Chapter 3). For our purposes, we are interested in the equivalent characterization of the entropy solution as the limit, for 7 ν → 0, of the solutions of the following parabolic equations:
(see e.g. [21] for a detailed study of such equations). These equations are called the viscous Burgers' equations and they have smooth solutions in any reasonable function space. In particular, in Lemma 49, we will prove that the problem 5.5
has a unique GUS in U Λ (R) for every initial data u 0 ∈ U Λ (R). Now, ifū is the GUS of problem 5.5 with a classical initial condition We are now going to prove that it is possible to choose ν infinitesimal in such a way that w is the entropy solution. This fact is interesting since it shows that this GUS represents properly, from a Physical point of view, the phenomenon described by Burgers' equation. In order to see this let us consider the problem (5.5) with ν hyperreal.
Lemma 49. The problem
has a unique GUS for every ν ∈ (R + ) * and every u 0 ∈ U Λ (R). 7 In this approach, ν is usally called the viscosity.
Proof. Let (U λ (R)) λ∈L be an approximating net of U Λ (R). Since ν ∈ (R + ) * and u 0 ∈ U Λ (R), we have that for every λ ∈ L there exist ν λ ∈ R + and u 0,λ ∈ U λ (R)
such that ν = lim λ↑Λ ν λ and u 0 = lim
Thus, we can consider the approximate problems
For every λ, the problem (5.7) has a unique solution u λ . If we let u Λ = lim λ↑Λ u λ we have that u Λ is the unique ultrafunction solution of problem (5.6).
Let us call u ν the GUS of Problem (5.6). A natural conjecture would be that, if u 0 is standard, then for every ν infinitesimal the distribution
is the entropy solution of Burgers' equation. However, as we are going to show in the following Theorem, in general this property is true only "when ν is a large infinitesimal":
Theorem 50. Let u 0 be standard, let z be the entropy solution of Problem BE with initial condition u 0 and, for every ν ∈ R * , let u ν be the solution of Our conjecture is that this weak solution is precisely the entropy solution; however, we have not been able to prove this (yet!). Nevertheless, in any case it makes sense to analyse this solution: this will be done in the next section.
The microscopic part
Let u ∈ C 1 (I * , U Λ ) be the GUS of (5.3) and let w = [u] D . With some abuse of notation we will identify the distribution w with a L 2 function. We want to compare u and w * and to give a physical interpretation of their difference.
Since we have that We will call w (and w * ) the macroscopic part of u and ψ the microscopic part of u; in fact, we can interpret (5.8) by saying that ψ does not appear to a mascroscopic analysis. On the other hand,´ * ψϕ dx dt ∼ 0 for some ϕ ∈ C 1 (I * , U Λ )\D (I × Ω). Such a ϕ "is able" to detect the infinitesimal oscillations of ψ. This justifies the expression "macroscopic part" and "microscopic part". 3) This follows easily from (2).
4) The energy of u = w * + ψ is constant, while the energy of w * , if w is the entropy solution, decreases. Therefore we deduce our thesis from (3).
Now let Ω ⊂ I × R be the region where w is regular (say H 1 ) and let Σ = (I × R) \Ω be the singular region. We have the following result:
Theorem 52. ψ satisfies the following equation in the sense of ultrafunctions: where N ε (Σ) is an infinitesimal neighborhood of Σ * .
Proof. In Ω we have that ∂ t w + w∂ x w = 0
Since u = w + ψ satisfies the following equation (in the sense of ultrafunctions),
we have that ψ satisfies the equation,
in Ω * \N ε (Σ) where N ε (Σ) is an infinitesimal neighborhood of Σ * .
As we have seen ψ 2 can be interpreted as the density of heat. Then V can be interpreted as the flow of ψ; it consists of two parts: w which is the macroscopic component of the flow and 1 2 ψ(t, x) which is the transport due to the Brownian motion.
